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In this paper, we consider a system of gravitating bodies in Kaluza-Klein models with toroidal 
compactification of extra dimensions. To simulate the ordinary astrophysical objects (e.g., our 
Sun), we suppose that these bodies have nonrelativistic (pressureless) equations of state in the 
external/our space. At the same time, they may have nonzero parameters id(a-3) (& — 4, ...,D) 
of the equations of state in the extra dimensions. We show that the presence of pressure/tension 
in the extra dimensions leads necessarily to the uniform smearing of the gravitating bodies over 
the internal space. Then, we prove that the Lagrange function of this many-body system can be 
constructed only if E = u}( a -3) ~ 0. This strongly contradicts the observations which demand 
S « (3 — D)/2 ~ O(l) for D > 3. Therefore, considered multidimensional Kaluza-Klein models face 
a severe problem. 



PACS numbers: 04.25.Nx, 04.50.Cd, 04.80.Cc, 11.25.Mj 

I. INTRODUCTION 

The idea of multidimensionality of our Universe de- 
manded by the theories of unification of the fundamen- 
tal interactions is one of the most breathtaking ideas of 
theoretical physics. It takes its origin from the pioneer- 
ing papers by Th. Kaluza and O. Klein and now 
the most self-consistent modern theories of unification 
such as superstrings, supergravity and M-theory are con- 
structed in spacetimes with extra dimensions (see, e.g., 

0) . Different aspects of the idea of multidimensionality 
are intensively used in numerous modern articles. 

Therefore, it is important to find experimental evi- 
dence for the existence of the extra dimensions. For ex- 
ample, one of the aims of Large Hadronic Collider con- 
sists in detecting of Kaluza-Klein (KK) particles which 
correspond to excitations of the internal spaces (see, e.g., 

1) . 

On the other hand, if we can show that the existence 
of the extra dimensions is contrary to observations, then 
these theories are prohibited. 

In our previous papers [^-[6| devoted to KK models 
with toroidal compactification of the extra dimensions, 
we have shown that gravitating masses should have ten- 
sion in the internal space to be in agreement with grav- 
itational experiments in the Solar system. For example, 
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black strings/branes with the parameter u> — —1/2 of the 
equation of state in the internal space satisfy this condi- 
tion. For this value of w, the variations of the internal 
space volume are absent [?:]. In the dust-like case with 
uj = 0, such variations generate the fifth force, that leads 
to contradictions with the experimental data. Hence, for 
individual gravitating bodies, we have shown in which 
cases and why the KK models with toroidal compact- 
ification are in agreement with the observations. Is it 
sufficient to claim that these models are viable? 

To answer this question, in the present paper we con- 
tinue the investigation of the KK models with toroidal 
compactification. Here, we try to construct the Lagrange 
function for a many-body system in these models. It is 
evident that any viable physical theory should permit 
such procedure. It is well known that the ordinary (non- 
relativistic) objects, e.g., our Sun, have pressure that is 
much less than their energy density. Therefore, we sup- 
pose that the gravitating bodies for the considered sys- 
tem are pressureless in the external/our space. At the 
same time, we admit that they may have nonzero pa- 
rameters W( a _3) (a = 4, . . . , D) of the equations of state 
in the extra dimensions. 

To construct the Lagrange function for the many-body 
system, we should define preliminarily the gravitational 
field of this system. At this stage, our analysis leads 
to the first important conclusion: the assumption of the 
presence of pressure / tension in the extra dimensions re- 
quires necessarily the uniform smearing of the gravitating 
bodies over the internal space. Obviously, in the case of 
uniform smearing, the excited KK states are absent. 
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Then, we construct the Lagrange function of the con- 
sidered many-body system and we come into conflict. On 
the one hand, the Lagrange function exists if the sum 
E = W( a _ 3 ) of the parameters of the equations of 
state in the extra dimensions is equal to zero: E = 0. 
On the other hand, the agreement with the gravitational 
experiments requires E ~ 0(1). Thus, we claim that con- 
sidered multidimensional KK models face a severe prob- 
lem. 

The paper is structured as follows. In Sec. II, we 
provide the general description of the model. In Sec. Ill 
and Sec. IV, we obtain the 1/c 2 , 1/c 3 and 1/c 4 correction 
terms to the metric coefficients for the considered many- 
body system. In Sec. V, we demonstrate that gauge 
conditions lead to the uniform smearing of the gravitating 
bodies over the extra dimensions. The Lagrange function 
for the many-body system is constructed in the Sec. VI. 
The main results are summarized in concluding Sec. VII. 

II. GENERAL SETUP 

To construct the Lagrange function of a system of N 
massive bodies in (D + l)-dimcnsional spacetime, we de- 
fine first the nonrelativistic gravitational field created by 
this system. To do it, we need to get the metric coeffi- 
cients in the weak field limit. The general form of the 
multidimensional metrics is 

ds 2 = g i kdx l dx k = g 00 (dx ) 2 +2g 0fl dx° dx 1 * + g ^dx^ dx u , 

(1) 

where the Latin indices i, k = 0, 1, . . . , D and the Greek 
indices p,v = 1,...,Z?. We make the natural assump- 
tion that in the case of the absence of matter sources 
the spacetime is Minkowski spacetime: goo = Voo = L 
= '?0m = 0) 9^ = V^y = -<W In our paper, we 
consider in detail the case where the extra dimensions 
have the topology of tori. In the presence of matter, the 
metrics is not the Minkowskian one, and we investigate 
it in the weak field limit. It means that the gravitational 
field is weak and velocities of test bodies are small com- 
pared with the speed of light c. In the weak field limit the 
metrics is only slightly perturbed from its flat spacetime 
value. We will define the metrics ([T]) up to 1/c 2 correc- 
tion terms. Because the coordinate a; = ct, the metric 
coefficients can be expressed as follows: 

3oo ~ 1 + h Q + f 00 , 

,9op ~ ho^ + /om i SV ~ — <W + , (2) 

where h ik ~ O(l/c 2 ),/ 00 ~ 0{l/c A ) and f 0fl ~ 0(l/c 3 ). 
In particular, hoo = 2ip/c 2 . Later we will demonstrate 
that ip is the nonrelativistic gravitational potential. To 
get these correction terms, we should solve (in the cor- 
responding orders of 1/c) the multidimensional Einstein 
equation 

Rik = — (^ ik ~ ~D~\ gikT ^j ' ^ 



where S D = 2tt d / 2 /T(D/2) is the total solid angle (the 
surface area of the (D — l)-dimensional sphere of the unit 
radius), Gx> is the gravitational constant in the (£> = 
D + l)-dimensional spacetime. We consider a system of 
N discrete massive (with rest masses m p , p = 1, . . . , N) 
bodies. We suppose that the pressure of these bodies in 
the external three-dimensional space is much less than 
their energy density. This is a natural approximation 
for ordinary astrophysical objects such as our Sun. For 
example, in general relativity, this approach works well 
for calculating the gravitational experiments in the So- 
lar system [8J. In other words, the gravitating bodies 
are pressureless in the external/our space. On the other 
hand, we suppose that they may have pressure in the 
extra dimensions. Therefore, nonzero components of the 
energy-momentum tensor of the system can be written 
in the following form: 

T lk = pc 2 u l u k , i,k = 0,...,3, (4) 
T l& = pc 2 ^^ , i = 0, . . . , 3; a = 4, . . . , D , (5) 

T &B = -p (a -3)S a * + pc 2 u a J, aJ = 4,...,D(6) 
where the (D + 1)- velocity u % — dx 1 /ds and 



E r , inD -1-1/2 / dx l dx m . ,_. 

L(-l) 9\ m p d g lm ——6{x - Xp ) , (7) 

p— l ' 

where x p is a Z?-dimensional radius-vector of the p-th 
particle. In what follows, the Greek indices a,/3 = 1, 2, 3; 
a, f3 — 4, . . . , D and /i, v still run from 1 to D. In the 
extra dimensions we suppose the equations of state: 

P(a-3) = ^(a-3)/5c 2 . (8) 

If all parameters W(a_3) = 0, then we come back to the 
model considered in our paper [4|. Here, massive bodies 
have dust-like equations of state in all spatial dimensions. 
If all W( g _ 3 ) = —1/2 (tension in the extra dimensions), 
then these equations of state correspond to black strings 
(in the case of one extra dimension, i.e. D — 4) and black 
branes (for D > 4). If parameters satisfy the condition 
w (a-3) = E = —(£) — 3)/2, then this case corresponds 

a _ 

to latent solitons 0. Obviously, black strings/branes 
satisfy this condition. 

Now, we will solve the Einstein equation (|3]) in the 
corresponding orders of 1/c. Obviously, for lo( S _ 3 \ — 
, a = 4, . . . , D, we should reproduce the results of the 
paper 

III. 1/c 2 CORRECTION TERMS 

Here, we want to get the correction terms of the or- 
der (9(l/c 2 ). Since the right-hand side of Eq. ([3j) has 
the prefactor 1/c 4 , we should drop the terms of the or- 
der 0(c n ) with n < 2 in components of the energy- 
momentum tensor (U)-©. Then, these components are 
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approximated as 



IV. 1/c 3 AND 1/c 4 CORRECTION TERMS 



T 00 w Too « pc 2 , T Q/3 w T a; g « w (a _ 3) pc 2 J a ^, 
T = T ife 5ifc «pc 2 (l-E), (9) 



where 



S ^E^"3) (io) 

a=4 



and we introduced the rest-mass density 

N 

p(x) = ^2 m p 6(x - x p ) . 
P =i 



(11) 



The left-hand side of © should also be of the order 
0(l/c 2 ). Hence, the components of the Ricci tensor read 



(12) 

where = 8^ d 2 jdx^dx 11 is the D-dimensional 

Laplace operator. Therefore, the Einstein equation §3§ 
is reduced to the following system of equations: 

ASpGp D - 2 + E 

Anftoo = 5 f; — i — P) A.o/iou = 0, 

c z £? — 1 

4Si,GpD-2 + E 1-E 

&Dha0 — 9 ^ ; ^ — —^pOafi j 



c 2 D - 1 L> - 2 + E ' 
45z,G D w (a _ 3) (U-l) + l-E 



L> - 1 



(13) 



Now, to find the corrections / o an d /o/x in ©, we 
should take into account also the terms of the orders 
0(c°) and 0(c x ) in T 00 and Io M , respectively. It can 
be easily seen that the components T aj 3 and T a p are of 
the order of O(c ) and, due to the prefactor 1/c 4 in the 
right-hand side of ([3]) , they can contribute to g a p and g a 5 
terms of the order 0(l/c 4 ) which is not of interest for us. 
Therefore, we will take these components into account 
just to calculate the trace T = gikT lk where we will keep 
the terms 0(c 2 ) and 0(c°). Concerning the components 
T a ^, besides the terms 0(c 2 ), we should also calculate 
the terms 0(c ). Additionally, within our accuracy we 
can conclude that 



T"" 



T, 



0/i 



Ta/3 



4( ^ (a , 3) QP-l) + l- 
c 2 D - 2 + E 



(18) 



To calculate these covariant components, we will also use 
the following auxiliary expressions: 



dx l dx m 
dx° dx° 



gir, 



if - V 2 /2 



U 1 \D 1-1/2 ^ 1 , 2l P 1 ~ S 



ip D 



c 2 D 



v 

2c 2 



which have the following solutions 

h - 2 ^ (x) h n 
loo — — 5 — , nop — U, 

1 - E 2y>(x) 



^a£ 



D - 2 + E c 2 
^(a-3)(-P-l) + l - £ 2<p(x) 
L»-2 + E 



(14) 
(15) 

j ^ , (16) 



where the function </?(x) satisfies the D-dimensional Pois- 
son equation 

- D - 2 + E 
A D <p(x) = 2S D Gv p(x) . (17) 

We would remind that x is a D-dimensional radius- 
vector. It is worth noting that if W( a _ 3 ) = 0, V a => 
E = 0, then we reproduce the results of the paper 



On the other hand, if all uj 



(a-3) 



-1/2, then h^g = 



that should take place for black strings/branes 



1 - 



if - v 2 /2 



Cr C 

where i> M = dx^ jdt and v 2 = 8^ u v^v v . 

Taking into account all comments made above, we get 
the covariant components of the energy-momentum ten- 
sor 



Too ~ PC 



tp 3D - 4 + E 
d 2 D-2 + E 



v 

2c 2 



T, 



()//. 



T a p « pv a v p , T aB « puV , 
> pc 2 {w (a _ 3) 5 a ^ 

y>£>-S-2[w (a _ 3) (£>-l) + l-S] 



1 + 



D — 2 



(19) 

(20) 
(21) 



ir 
2^2 



(22) 
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and the trace 



T w pc 2 (l - T,)+pcp 



QP-E)(1-E) 
D-2 + E 



+ p(S-l) y . (23) 



For the 00 and 0/i components of the Ricci tensor we 
get (see the details in Q): 



1 If 2 „ 

i?oo ~ ^ A o<y2 + -A c I /oo - 

1 1 d 2 tp 



2 £>- 1 



c 4 L> 



■ipAn<p, 



(24) 



and the solution is 

/o " (x) = -gi j-2 + s 2^ (x - x >£ - 

p 

(31) 

where the function / satisfies the following equation: 

A D f = p(x) . (32) 

It can be easily verified that solutions ([29)) and (|31j) are 
reduced to the results of paper [4] for E = 0. 



Then, the 00 component of the Einstein equation ([3]) 
reads 



Ad foo --r<P' 



AS d G 



v 



(D-2) 2 -ED D-E 2 



(D-1)(D -2) 



2(I>-1) 



(25) 



<5(x - x p ) , 



where we used Eqs. ITT]) and (|17|) . Here, v p is the three- 
velocity of the p-th particle and y'(x p ) is the potential of 
the gravitational field at a point with the radius vector x p 
produced by all particles, except the p-th. Subtraction of 
the infinite contribution of the gravitational field of the 
p-th particle corresponds to the renormalization of its 
mass (see 0). Obviously, if </? p (x — x p ) is the potential 
of the p-th particle (with the radius vector x p ) at a point 
x: 

- D - 2 + E 

A D ip p (x - x p ) = 2SdGt> — - — - — m p <S(x-x p ), (26) 



D 



then 



p 

¥>'( X p) = J^PqiXp-Xq) 

q=£p 



(27) 
(28) 



The solution of Eq. J25J) is 

2 9 

/oo(x) = -^ 2 (x) 

c 4 

2 p-2) 2 -E£ ^ 
1 D-E ^ 2 



(29) 



v 



For the 0/x component of the Einstein equation we have 



i #v 



2SdGt> 



2c 3 0t<9a^ 
1 D - 1 



^mp^(x-Xp) 



c 3 D-2 



(30) 



V. GAUGE CONDITIONS AND SMEARING 

To get the expressions (jT2"|) and (|2~4")) , we used the stan- 
dard (see, e.g., Eq. (105.10) in Q) gauge condition 



d k ( h* 



1 



0, i,k = 0, 1,...,D, 



where hf = r\ km h m i. Hence, 

h° = v m h m = h 00 , K = n^Kn = - V • 

Therefore, 



(33) 



(34) 



h° 



hi 



M*) l-S 2y(x) 

, 2 ' ^_ 2 + S c 2 a ' 1 j 



fa; (a -3)(-P-l) + l-E ¥x) 

D-2 + E 
2(E - 1) 2<p(x) 



73 

2 " a ' 



£> - 2 + E c 2 



(36) 
(37) 



Let us check that these solutions satisfy the condition 
(|33|) . For i = 0, we get immediately 



<■>/. ( K - ^ fe ) = d (h° - \h\\ = o + o (± 



For i = ft we have 



(38) 



1 - E 



1 - E 



D-2 + E D-2 + E 



\d p <p = Q, (39) 



that is the condition is automatically satisfied. For i = f3 
we obtain 



1 



1 



\ft-3) 



{D-l)2 



D - 2 + E c 2 



dpip = . 



(40) 



To satisfy this condition, we should demand either 
w (/3-3) = or dptp = 0. Because we consider the gen- 
eral case W(/3_ 3 ) ^ 0, we must choose the latter condi- 
tion. Therefore, the presence of nonzero pressure/tension 
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in the extra dimensions results in the metric coefficients 
which do not depend on the coordinates of the internal 
space, i.e. the gravitating masses should be uniformly 
smeared over the extra dimensions. In this case, the 
rest mass density should be rewritten in the form: 
p(x) -> p(r) = J2 p m p 5(r - r p )/ \[ & a(«_ 3) , where r p is 
a three-dimensional radius vector of the p-th particle in 
the external space, ci( a _3) are periods of the tori (i.e. 
Ila a (a-3) is the volume of the internal space). Then, 
Eq. (fT7| is reduced to the ordinary three-dimensional 
Poisson equation 



A 3 p(r) = 4ttGjv ^2 m p$( r ~ r p) 



with the solution 

ip(r) = - 



G N m p 



E^ 



where Gn is the Newtonian gravitational constant: 
2S D {D -2 + S) 



4ttG 



JV 



-Gv 



l (a-3) 



(41) 



(42) 



(43) 



Hereafter, r, r p are radius vectors in three-dimensional 



external/our space. 

In the case of the smearing, Eq. 
solution 



G 



N \ - 

^E* 

p 



has the following 



(44) 



where, to get it, we used the well known equation A 3 r = 
2/r in the three-dimensional flat space. Because 



B 
Of 



d\r 



dx° 



d 

at 



X 



where /q = T] ^fok = —fo^- In the case of smearing, this 
condition is reduced to 



dxP 2 dx° 



(49) 



where we remind that a, ft = 1, 2, 3 and /i, v = 1, . . . , D. 
Taking into account the following auxiliary equations: 



d 1 



dx 13 \r — r p \ |r — r p 



E 



g f„fj ( n p v p)\ _ ( n p v p) 



r-r„ ; r-rv 



d 1 (n p v p ) 



<9i|r-r p | |r-r p | 2 ' 



(50) 
(51) 

(52) 



we can easily seen that the condition (|49)) is satisfied: 
df$ IBM G N \ 3D - 2 - S ^ (n p v p ) 

— -- — ; -z^"'^ 



<9a^ 2 ftr 2c 3 £> - 2 + S 



r - rv 



^ (n p v p ) 2(£>-S) ^ (n p v p ) \ _ n 



(53) 



Because the presence of pressure/tension in the extra 
dimensions requires the uniform smearing of the gravitat- 
ing masses over the internal space, we provide the metric 
coefficients in this case: 

2^(r) 2^ 2 (r) , (D-2) 2 -ZD 2G% 
goo ~ 1 H n 1 j- 

n £ site 



r - r E 



L p 

x a - x 



(45) 



c 
m 



c 4 (£>-2 + S)(D-2) c 4 



- u pl r - r pl ~ 



L ;-'l 



•Sr~^ " v p iibq 

^|r-r p |^|r p -r 9 | 
D - S Gat ^ to p w p 



E 



D - 2 + S c 4 ^ |r - r p | 



(54) 



we get for / 0q : 



/o« — 7TT 



Gtv \ - 



/3D-2-S 



2 C 3Z^ | r -r p | V D-2- 



ip(n p v p ) 



.9o... 



3-D — 2 — S G^v \ ^ 
Z3-2 + S 2c 3 " ^ 



(46) 

where we introduce the three-dimensional unit vector in 
the direction from the p-th particle to a point with the 
radius vector r: 



Gat 
2^" 



E 



r - r. 



n p (n p v p ) 



(55) 



(47) 



p n P U P 



and (n p v p ) = 

It should be noted that, to get the formula (T5T|) . we 
used the following gauge condition: 



dxf* 



1 dM 

2 dx° 



0. 



(48) 



9af3 



-1 



1 - S 2(p(r] 
D-2 + Y, c 2 



<5 a/ 3 , (56) 



a* r^Ts" ( 57 ) 

where the potential <p(r) is given by (|4"2")l . 
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VI. LAGRANGE FUNCTION FOR A 
MANY-BODY SYSTEM 



Let us construct now the Lagrange function of the 
many-body system described above. To perform it, we 
will follow the procedure described in Q (see §106). The 
Lagrange function of a particle a with the mass m a in the 
gravitational field created by the other bodies is given by 
the expression 



-m a c- 



dfa 

dt 



2 / < V a v a 

-m a c [ goo + 2 2^ 5o M — + 2^ 9»v 



(58) 

1/2 



where the metric coefficients are taken at r = r a . We 
should keep in mind that in the case of the smeared 
(over the extra dimensions) gravitating masses, the com- 
ponents of the velocity in the extra dimensions are equal 
to zero: v% = = (v",0). It is convenient to 

rewrite the metric coefficients (jM]) - (|56p in the following 
form: 



1 



5oo 

9a/3 



1 + ^2 TTO + ^jToo'j 50a « ^ 70a 



1 



(2) 



1 



4 + j ?(«) ) S <*P ■ 



where the meaning of the functions 7 is evident. Then, 
we get 



ds a 
~~dT 



c 1 



1 

2? 

1 

8c* 



1 

2t? 



(2) 

Too 



(1) 2 

700 - W a 



■2^70a<+^7(a)^>f 

a a/3 



(1) 2 
700 - V a 



(59) 



Substituting the explicit form of the metric coefficients 
([M il - (156 1) . we obtain 



T 2 , TO ^a 

L a = -m a c + 



2c 2 



^EE 



2 8c 
m a m p m q 



g(Ag) ^ 2 \ \ ^ 
75 2^173 



m„rn„m n 



1 „ >r-^ m a m f 



c(-D,E)(v p v a ) - (n p Vp)(n p v Q )] 



(60) 



Here, we use the following abbreviations: 
(£> - 2) 2 - ED 



o(AS) = 
c(D,S) = 



(£>-2 + £)(D-2)' 

3.D - 2 - £ 

■, D(D,E) 



b(D,E) 



D-E 



1 - E 



D-2 



f E 
(61) 



We remind that in the expression (|60|) r = r a and all 
infinite terms should be cast out. For our purposes, it is 
sufficient to consider the case of two particles. Then, for 
the particle " 1" , we have the following expression: 



Li 



G 



TO1TO2 



f(v 2 

± a (D^)G 2 N - 
1 GNmim2 



r 2 



2 C 2 ^1^-^12 



r 2 



m 2 m 2 



r 2 ||ri - r 2 | 



(62) 



2c 2 |r-r 2 | 
- c(D,E)(viV 2 ) - (n 2 v 2 )(n 2 vi)] 

where f(v 2 ) = m,\v\j2 + niivf/(8c 2 ) and we drop the 
term — r^c 2 . 

The total Lagrange function of the two-body system 
should be constructed so that it leads to the correct val- 
ues of the forces dL a /dr | r=r acting on each of the bodies 
for given motion of the others Q. To achieve it, we, first, 
will differentiate L\ with respect to r, setting r = ri af- 
ter that. Then, we should integrate this expression with 
respect to ri . Following this prescription and taking into 
account a useful auxiliary relation 

1 _o o d 
2c 2 ' 



or r 



1 



r 2 



a(D,E)G% m\m 2 d 1 



1 



|ri - r 2 |<9r|r - r 2 

d 



= -77 -^G N mim 2 (am 1 + m 2 )- 



r=ri 
1 



-, (63) 



2<T OTi |n - T2\ 

we obtain from (|62[) the two-body Lagrange function 

Gjv?riim 2 G 2 v mim 2 (omi + m 2 ) 



L? = fK,V 2 ;n 
G^m\m 2 



n 2 



2c 2 r 2 2 



[b(L>,E)v 2 + (2o(L>,E) + l)i; 2 



2c 2 r 12 

c(D, E)(viv 2 ) - (ni 2 vi)(ni 2 v 2 )| 



(64) 



where f(v 2 ,v 2 ) = J2l =1 m a v 2 a /2 + J2l =1 m a vi/(8c 2 ) and 
n 2 = |n — r 2 |. It can be easily seen that dLi/dr\ r=ri — 



dL^' /dr\. By the same way we can construct the two- 

(2) 

body Lagrange function L 2 from the Lagrange function 
L 2 for the particle "2": 



(2) _ 



f(v?,v: 



GatTOito 2 



2c 2 r 12 
c(AE)(viV 2 



Gjqm,\m,2 G 2 N m\m2 (mi + am 2 ) 
n 2 2c 2 rf 2 

[b(ASK + (25(fl,£) + l)i' 2 2 

(ni 2 vi)(ni 2 v 2 )] . (65) 
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(2) (2) 

It is worth noting that both L\ ' and L\ ' are reduced 
to the Lagrange function of the two-body system in @ if 
we assume that D = 3, £ = 0. 

(2) (2) 

Obviously, the Lagrange functions L\ ' and L\ ' should 
be symmetric with respect to permutations of particles 1 
and 2 and should coincide with each other. This requires 
the following conditions: 

a(D,T,) = l, b(D,E) = 2D(D,E) + l. (66) 

The second condition is satisfied identically. However, 
the former one is valid only for 



£ = . 



(67) 



This happens, e.g., for the dust-like equations of state in 
the extra dimensions: uJ(a-3) — 0, V a. Definitely, black 
strings/branes contradict this condition. 

We can also get an additional restriction on £ from 
the known gravitational experiments in the Solar system. 
For example, the post-Newtonian parameter 7 for the 
considered models is expressed via S as follows (see, e.g., 



7-1 = 



D-2 



(68) 



There are strong experimental restrictions on the value 
of 7. The tightest constraint on 7 comes from the 
Shapiro time-delay experiment using the Cassini space- 
craft, namely: 7-I = (2.1±2.3) x 10~ 5 Therefore, 
7-l«0 => £ « (3-D)/2 ~ O(l) for D > 3. It is worth 
noting that for latent solitons (and black strings/branes 
as their particular cases) £ = (3 — D)/2 [6j and 7 = 1, 
as in general relativity. This is in good agreement with 
observations. 

Hence, we come into conflict. On the one hand, the La- 
grange function for a two-body system exists for £ = 0. 
On the other hand, this value contradicts the gravita- 
tional experiments. 



VII. CONCLUSION 

In this paper, we have constructed the Lagrange func- 
tion for a two-body system in the case of Kaluza-Klein 
models with toroidal compactification of the extra dimen- 
sions. The case of more than two bodies is straightfor- 
ward. We supposed that gravitating bodies are pressure- 
less in the external/our space. This is a natural approxi- 
mation for ordinary /nonrelativistic astrophysical objects 
such as our Sun, since the pressure in these bodies is 
much less than their energy density. For example, this 
approach works well for calculating the gravitational ex- 
periments in the Solar system [8j. On the other hand, 
we have seen from our previous investigations 0-0| that, 
to achieve the agreement with the gravitational experi- 
ments in KK models with toroidal compactification, the 



gravitating bodies should have pressure/tension in the 
extra dimensions. Therefore, in the present paper we 
supposed that gravitating masses may have nonzero pa- 
rameters W( a _ 3 ) (a = 4, . . . , D) of the equations of state 
in the extra dimensions. 

First, we defined the gravitational field (i.e. the met- 
ric coefficients) of the many-body system, since we need 
it to build the Lagrange function. We considered the 
weak field limit, assuming that the gravitational field is 
weak and velocities of masses are much less than the 
speed of light. Then, we used the found metric coef- 
ficients to construct the Lagrange function of the sys- 
tem. We proved that the Lagrange function exists only 
if £ = ^ g W( a _3) = 0. This strongly contradicts the 
observations, e.g., the PPN parameter 7, which demand 
£ « (3 - D)/2 ~ O(l) for D > 3. Hence, we come into 
conflict. 

It is not difficult to realize that this result can be gen- 
eralized to the case of arbitrary Ricci-flat internal spaces. 
Calabi-Yau manifolds are of special interest because these 
Ricci-flat spaces are widely used in superstring theories. 
It is also of interest to investigate the many-body prob- 
lem in the case of KK models with spherical compact- 
ification of the internal spaces considered, e.g., in our 
papers [H, G3 • We will elaborate both of these cases in 
our forthcoming papers. 

One more important result obtained in this paper is 
worth noting. It is well known [5|-[7| that tension in the 
internal spaces is the necessary condition to satisfy the 
gravitational experiments in KK models with toroidal 
compactification. In our paper, we have shown that 
the presence of pressure/tension in the internal space 
leads necessarily to the uniform smearing of the gravitat- 
ing masses over the internal space. For example, black 
strings_A>ranes have tension in the internal space (see, 
e.g., [lj])- Therefore, they should be smeared. How- 
ever, uniformly smeared gravitating bodies cannot have 
excited KK states (KK particles) , which looks unnatural 
from the point of quantum mechanics. 

To conclude our paper we state on the grounds of our 
investigations that considered multidimensional Kaluza- 
Klein models face severe problems. 
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